The method of differential equations in canonical form has proven a powerful tool for solving multiloop Feynman integrals. In this note we test this procedure away from four dimensions. Namely, we consider the simple example of a massless doublebox, expanded in dimensional regularization around six dimensions. We achieve a canonical form for the relevant master integrals and solve them in terms of harmonic polylogarithms up to transcendental order 9. The integral basis of uniform transcendentality requires increasing indices of propagators. According to the standard graphical jargon, this amounts to decorating the integrals with baubles, like on Christmas trees, or rather loops in this case. The results can be useful for studying amplitudes in six dimensions.
Introduction
Solving Feynman integrals with differential equations is a well-established and efficient technique [1] [2] [3] [4] [5] [6] [7] . Recently the method has been fuelled, thanks to the proposal by Henn [8] of performing a particular choice of master integrals of uniform degree of transcendentality. Such a choice casts the corresponding system of differential equations in a canonical form where the right-hand-side is proportional to the dimensional regularization parameter. This in turn implies that the master integrals can be solved iteratively, order by order in ǫ, in a quite straightforward manner (provided boundary conditions for the differential equations are specified). The method has been applied to a plethora of contexts of phenomenological interest, that is in d = 4−2ǫ dimensions [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . On the contrary, much less applications have been performed in other dimensions (see [22, 23] , for example).
In this short note, we take a detour from four dimensions and explore the canonical form method in higher dimensions. In particular, we apply the method to the integrals relevant for 2 → 2 scattering of massless particles in six dimensions up to two loops, in the planar limit. More explicitly, we start considering the six-dimensional box as a warm-up exercise and then move to the two-loop planar doublebox. The latter problem involves eight master integrals. We find a basis exhibiting uniform transcendentality, by showing that they obey a system of differential equations in canonical form. The corresponding alphabet is such that the result can be expressed naturally in terms of harmonic polylogarithms HPL, whose definition we review in Appendix A. We provide the necessary integration constants by requiring, order by order, that the integrals have the expected physical branch cuts. All this can be implemented in a mechanical way and we test its efficiency by pushing the solution in terms of polylogarithms up to depth 9. These results are collected in electronic format in an ancillary file doublebox6d.m.
We acknowledge that we carried out the relevant IBP identities reductions [24] [25] [26] [27] using FIRE [28] [29] [30] and LiteRed [31, 32] .
Warm up: the one loop case
We first consider the one loop box integral in six space-time dimensions
where
We treat the integrals within dimensional regularization d = 6 − 2ǫ and consider their Laurent expansion in the regularization parameter ǫ. Throughout the paper we work with Euclidean signature. The kinematics of the problem allow for two independent Mandelstam invariants s ≡ (p 1 + p 2 ) 2 and t ≡ (p 2 + p 3 ) 2 and a single dimensionless combination thereof, which we define x ≡ t/s.
We derive a differential equation with respect to x for this integral, which requires including two additional master integrals which are bubbles in the s and t channels.
In order to achieve a canonical form for the system, we choose the bubbles in such a way that they display uniform transcendentality. By looking at their expression in terms of Γ functions, one possible choice reads
Inspecting the differential equation for the box, it turns out that the trivial corner integral suffices for having a canonical form
With this choice the system of differential equations is cast in the canonical form
From this form it is immediate to see that the box can be expanded order by order in terms of HPL's with indices {0, −1} of fixed transcendentality.
The doublebox
Next, we consider the class of two-loop integrals given by the following propagators
(3.1)
where we assume that a 4 ≥ 0 and a 6 ≥ 0. In four dimensions the problem of finding a canonical basis was solved in [8] . Here we want to achieve the same goal in d = 6 − 2ǫ. The reduction to master integrals was solved in [33] for arbitrary dimension. In [34] a different choice of master integrals was proposed, and the doublebox integrals where computed in six dimensions as well, thus effectively solving the problem in 6d. Moreover, a clever way of solving the corner doublebox in strictly six dimensions (it is both UV and IR finite and thus require no regularization) was developed in [35] , exploiting unique triangles. Nevertheless we revisit the problem in order to find yet another basis of master integrals, which can put the system in canonical form, with all the benefits that this carries, especially the possibility of performing higher order expansion in ǫ in a straightforward fashion. In particular we find that the following basis does the job
where the integrals are normalized with a common factor s 2ǫ that we did not display for conciseness. The basis is represented graphically in Figure 1 . A few comments are in
Figure 1. Master integral topologies for d = 6 − 2ǫ. Dotted propagators denote raising its index by one unit. In the last two master integrals a combination of topologies is involved, which is not displayed in the cartoon.
order. The first topologies can be solved immediately in terms of Γ functions, therefore we have just picked up a choice of indices where the expansion in ǫ displays uniform transcendentality. In particular, the factors in front of the integrals have been tuned to ensure that this is the case. Of course other choices of indices could have worked as well, ours is just intended to minimize the prefactors. For the more complicated topologies we found no unique answer to achieve a canonical form and we present here a particular choice that we have found particularly compact, without excluding that a more convenient form could exist. Finally we note that, as intuition might have suggested, increasing the dimension of integrations entails raising the powers of some propagators as well, in order to attain the canonical form. This behaviour can probably be studied in a more systematic manner and extended to higher loop and more complicated integrals, using maximal cuts [8, 36] in higher dimensions.
The matrix for the system of differential equations reads 
This proves that the integrals can be solved in terms of harmonic polylogarithms [37] with indices {0, −1} at any order.
The initial condition at ǫ = 0 fixes the symbol of the solution completely
This can be integrated order by order in a straightforward manner. To extract the full solution for the integrals one has to specify a boundary condition at each term in the ǫ expansion as well. One could in principle do this by direct calculation in a special kinematic point from the Mellin-Barnes representation [33] . Instead of doing this we follow another path, based on the properties of the Fuchsian differential equation and on the expected analytic structure of the result, along the lines of [9, 11] . A systematic way of performing this step is as follows. The differential equation is given by the eight dimensional system
We choose to integrate the system from the regular singular base point x = 0. In order to do so we decompose
This means that f L (x, ǫ) determines the asymptotic behaviour of f (x, ǫ) at x = 0 and it is given by
where the vector g(ǫ) = (g 1 (ǫ), ..., g 8 (ǫ)) t . On the other hand Q(x, ǫ) is a matrix given by
with Q 0 (x) = I, and Q n (0) = 0 for n > 0 (3.18)
The terms Q n (x) can be seen to satisfy the recursive differential equation
These can be easily solved in terms of harmonic polylogarithms with indices {0, −1}. The first few terms read
Let us expand the exponential which defines f L (x, ǫ) in (3.17). We can further decompose the result in four pieces according to the x-dependence:
where each piece f L A ...f L D is a vector whose components are linear combinations of the components of g(ǫ) (for details see appendix B). Comparing these expressions with the actual asymptotic expansion for x → 0 of the first six Feynman integrals we may fix g 1 (ǫ) to g 6 (ǫ) exactly in terms of Γ functions (also in appendix B). We note that this way of solving the system fixes, a priori, plenty of information about its asymptotics for x → 0. In fact, for example, a careful analysis shows that thanks to the structure of the matrix M 0 , by fixing the asymptotics of f 2 (which is a simple double bubble) we fix the asymptotic constant term of f 8 (which involves a doublebox). Nevertheless the x → 0 limit for the last two master integrals is more complicated and therefore determining g 7 (ǫ) and g 8 (ǫ) is not as easy as for the simpler topologies. A more efficient way of fixing these constants is by inspecting the behaviour of f 7 and f 8 at x = −1. At this kinematic point we can impose the physical requirement that the integrals, being planar, do not possess branch cuts in the u channel, that is for s = −t, x = −1. Indeed the alphabet of the solution allows in principle harmonic polylogarithms with indices −1 in the first slots which are individually singular at that point. However, the full result for the integrals should be free of such branch points. Since the doublebox term in f 7 is multiplied by (s + t) and is expected to be regular in s = −t, we can fix g 7 (ǫ), order by order, by demanding that f 7 (x) → f 3 (−1) = g 3 (ǫ) when x → −1 (c.f. (3.5) and (3.9)). Then we can fix the n'th term of the expansion of g 8 (ǫ) appearing at order n, by inspecting the analytic structure at order n + 1 and in particular extracting the coefficients of the log(x + 1) singular terms. Again, imposing that this coefficient vanishes fixes g 8 (ǫ) order by order.
An even more powerful tool for fixing the constant term of g 8 (ǫ) is the following. A careful analysis of the Mellin-Barnes representation of f 7 and f 8 shows, without computing the details, that in the asymptotic limit of x → 0 there is no x ǫ scaling of those two functions. On the other hand, according to (3.21) , the asymptotic vector f L contains a term with the x ǫ scaling that is multiplied by f L B (ǫ). Since 22) we impose that g 8 (ǫ) = 1 2 g 7 (ǫ) − 2g 6 (ǫ) so that the x ǫ scaling vanishes. Using this condition we are able to fix the integration constant of f 8 directly at order n, instead of heaving to extract the divergent behaviour at order n + 1, as outlined above.
Instead of solving the system from a particular base point as an evolution operator as we did above, one could also solve (3.11) directly in terms of harmonic polylogarithms using their definition up to an integration constant that we can fix similarly by using the x = −1 limit. We compared with such an alternative method as a crosscheck of our results. In performing the relevant limits we have used diffusively the HPL.m package [38, 39] .
Equipped with this procedure and its cross-checks we have determined a solution up to order 9 in terms of harmonic polylogarithms, which the interested reader can find in electronic format in the ancillary file doublebox6d.m. The results are presented in such a way to be directly fed to HPL.m. As an example, here we show the result for f 8 at order 6
At lower orders these results can be simplified considerably and expressed in terms of ordinary polylogarithms. This might be helpful for some applications, but we have refrained from doing this in the present case, as the form in terms of HPL's makes the iterative structure of the result more manifest. The constant for the results at order 8 features the harmonic sum S 5,3 (∞) = ζ(8) + ζ(5, 3), along with other products of simple zeta values. Starting from order 9 several MZV's (Multiple Zeta Values) appear, whose identities in terms of a reduced set of constants are not tabulated in HPL.m and that we leave indicated in the HPL.m format.
We have performed successful numerical checks of our results using FIESTA [40, 41] .
Conclusions
In this note we have explored the use of differential equations in canonical form away from four dimensions, finding that the method, as expected, can be successfully applied.
In particular we have focussed on the massless planar doublebox in six dimensions. We have determined a basis of master integrals of uniform transcendentality which casts the system into canonical form and we solved the system of equations up to order 9. We have provided the necessary boundary conditions order by order, by implementing the physical requirement that the integrals be regular at x = −1. As a byproduct, we have proved that these integrals can all be expressed in terms of HPL only. Apart from testing the method, the results contained in this paper might be useful for applications to scattering in six dimensions, which has been the topic of some recent papers [42] [43] [44] [45] [46] [47] [48] . In particular, they could be used to perform tests of a fresh conjecture on a BDS exponentiation [49] of dual conformally invariant [50] [51] [52] amplitudes in six dimensions and a possible relation to those of N = 4 SYM theory [53] . Finally it would be interesting to extend the analysis of this paper to other dimensions. In particular three dimensions could be a stimulating setting, given the existence of various perturbative results on four-point loop amplitudes [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] .
A Harmonic polylogarithms
The results of the integrals of this paper are expressed in terms of harmonic polylogarithms, whose definition we review in this appendix. Harmonic polylogarithms [37] H a 1 ,a 2 ,. ..,an (x), with indices a i ∈ {1, 0, −1}, are constructed in a recursive manner as follows
and at least one of the indices a i is non-zero. When all indices vanish the definition reads
We also use the so called m-notation [37] 
B System asymptotics
The asymptotic vector is defined in (3.17) . We have that ǫg 1 (ǫ) ǫ (2g 1 (ǫ) − g 2 (ǫ) + g 4 (ǫ) + 8g 5 (ǫ) − 8g 6 (ǫ)) ǫ The functions g 7 (ǫ) and g 8 (ǫ) that we fixed up to order 9 using the x → −1 limit read where we omit the order 9 for shortness.
